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In this paper, we report an extensive experimental study of the configurations of a plastic wire injected into
a two-dimensional planar cavity populated with fixed pins. The wire is not allowed to cross any pin, but it can
move in a wormlike manner within the cavity until to become jammed in a crumpled state. The jammed
packing fraction depends heavily on the topology of the cavity, which depends on the number of pins. The
experiment reveals nontrivial entanglement effects and scaling laws which are largely independent of the
details of the distribution of pins, the symmetry of the cavity or the type of the wire. A mean-field model for
the process is presented and analogies with some basic aspects of statistical thermodynamics are discussed.
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I. INTRODUCTION

Physics in two dimensions has proven to be of great im-
portance to technology as well as to pure science. Experi-
ments done in the few last decades have revealed a two-
dimensional �2D� world of rich and intriguing phenomena in
its own right �1–5�. Within the context of 2D systems, the
basic problem of the nonthermal forced packing of a single
piece of wire injected into a 2D simply connected planar
cavity �i.e., a cavity whose interior is free of holes or ex-
cluded domains� has aroused a crescent interest only in the
last few years. Originally, several aspects of this packing
problem were studied in connection with crumpling and scal-
ing laws �6,7�. In particular, in �6� it was developed a two-
parameter hierarchical model that gives a good description of
the basic statistical functions associated with the rigid, non-
compact, heterogeneous 2D structures of crumpled wires �2D
CWs� in the elastic limit. Afterward, many physical prob-
lems associated with the low-dimensional packing of wires
were analyzed, as, e.g., the anomalous diffusion on a 2D CW
structure �8�, the interplay between elasticity and geometry
in rods and strings �9–11�, the condensation of elastic energy
in 2D CW �12�, as well as universality aspects in the multiple
coiling of elastic sheets and fibers �13�, the packing of DNA
�14,15�, phase diagrams and numerical simulations �16,17�,
plastic deformations �18�, topological crossovers in crumpled
systems �19�, and conformal maps and 2D gravity �20�. In all
these studies the cavities used to accommodate elastic, elas-
toplastic and, in a minor extent, plastic wires were simply
connected. Differently, in the present paper we study experi-
mentally in detail the structures obtained when a plastic wire
of circular section is injected into 2D �or quasi-2D� planar
cavities of fixed size but different topologies. In order to vary
systematically the topology we have introduced within the
cavity regular distributions of cylindrical pins localized on
the sites of square lattices. The progressive addition of pins
in the interior of the cavity gives origin to packing of wires
presenting different morphologies and obeying scaling laws.
Although we are mainly interested in general in geometric
and statistical properties associated with the patterns of plas-
tic wires in cavities with pins, the subject examined in the

present study can be of interest in a number of important
fields as, for instance, self-avoiding walks and polymer con-
figurations on the plane. As an illustration, the phenomenon
reported here is reminiscent of the reptation phenomenon of
a single unbranched polymeric chain trapped in a network of
obstacles. This important problem in polymer science and
technology gives origin, in fact, to nontrivial entanglement
effects �21�. Other potential implications of our study are in
the packing of DNA segments constrained to wrap around
histone cores �22�, as well as in the electrohydrodynamics of
DNA in confined environments �23�.

This paper is organized as follows. In Sec. II the experi-
mental details are described; in Sec. III a discussion of the
results is presented, and in Sec. IV a mean-field model is
introduced in order to understand some of our findings in
terms of statistical thermodynamics ideas. A brief summary
of the paper and its main conclusions are given in Sec. V.

II. EXPERIMENTAL DETAILS

In our experiments we have used confining cells whose
interior cavities were of square shape with an edge L0 of 150
mm. The bottom parts of the cavities were made of a single
piece of wood with height 20 mm which facilitated the im-
plantation of cylindrical pins of steel along the sites of regu-
lar square lattices. Nine cavities with the number of pins n
=1, 4, 9, 16, 25, 36, 64, 144, and 196 were used. The posi-
tion of the pins is defined by dividing the area L0

2 of the
cavity in n equal nonoverlapping and contiguous squares of
area L0

2 /n. Each pin was placed in the geometric center of
those squares, and so the nearest-neighbor pin-pin distance
was l=L0 /n1/2. In our experiments the diameter and height of
the pins, and the height of the cavity are equal to the diam-
eter of the wire, �=1.5 mm, in such a way that only struc-
tures with a single layer of wire are possible. The cover of
the cavity was of glass 12 mm thick, and its sides were
formed by rigid Teflon spacers with 1.5 mm of thickness. At
the central position of two opposite edges of the cavity, the
corresponding two Teflon spacers had straight channels with
an aperture of 1.5 mm used to the forced injection of the
wire. In order to reduce the friction, all parts of the cavity
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were polished. Cavity and wire operated in dry regime, free
of any lubricant. The plastic wires used were of the alloy
Pb0.40Sn0.60 commonly used in welding in electronic devices.

Each injection experiment begins fitting a straight wire in
the opposite channels and subsequently pushing manually
and uniformly the wire on both sides of the cell toward the
interior of the cavity. The injection velocity at each channel
in these experiments was of the order of 1cm/s. For wires
with the largest lengths, the crumpled structures formed be-
come rigid, the difficulty in the injection increases very rap-
idly, and the injection velocity goes to zero with the forma-
tion of a jammed state of crumpled wire within the cavity.
However, the observed phenomena are widely independent
of the injection speed for all interval of injection velocity
compatible with a manual process. Figures 1�a�–1�i� illus-
trate the morphologies of configurations of plastic 2D CW
obtained at the jamming limit of maximum packing fraction
for the following number of pins: �a� n=1, �b� n=4, �c� n
=9, �d� n=16, �e� n=25, �f� n=36, �g� n=64, �h� n=144, and
�i� n=196. The length L of the wire in the interior of the
cavity in the jammed state is associated with the correspond-
ing 2D packing fraction p through the relation p=�L /L0

2.
Thus, the packing fraction at the beginning of each experi-
ment is p= pminimum=�L0 /L0

2=� /L0. Ten equivalent configu-
rations of 2D-CW were used in this work for each cavity
with a fixed number of pins. In average, the maximum �mini-

mum� packing fraction found in the experiment �Fig. 1�a�
�Fig. 1�i��� was 0.32 �0.022� corresponding in average to a
length L of plastic wire introduced in the cavity of 4800 mm
�330 mm�.

As shown in Fig. 1, the loop is the basic unit present in
the nonthermal jammed state of the packing of plastic 2D
CW studied in the present paper. Here a loop is defined as a
portion of the wire formed by a bulge and a tail in two
opposite extremities. The direction of a tangent vector mov-
ing on any loop varies continuously, with the exception that
at the end of the two branches of each tail that vector points
in opposite directions. Now, it is interesting to compare some
basic and qualitatively new aspects of the plastic, irrevers-
ible, 2D-CW exemplified in Fig. 1 with the more elastic and
less irreversible structures of crumpled wires previously
studied �6,7�. First, each loop in the plastic case is individu-
ally less regular or less symmetric than in the elastic case.
Second, the plastic overall structures are more heterogeneous
and a cascade of hierarchical loops is less evident. Third, the
plastic structure presents more loose domains, with low den-
sity of wire-wire contacts, particularly for low n. Differently
of the crumpled state of elastic wires, here we observe fre-
quently the occurrence of dangling loops, as clearly mani-
fested in Figs. 1�a�–1�g�. However, and in spite of these low-
density domains, the global packing fraction of the
configurations of plastic CW are larger than in the less irre-
versible case. This is due to the fact that elastic wires resist
more efficiently to confinement. Fourthly, there is a tendency
for the wire to distribute itself in some few regions of the
cavity adopting columnar structures as a stack of lamellae,
with some orientational order, and reminiscent of the struc-
ture of smectic liquid crystals. In particular, for n near or
larger than 16, it is observed that a single stack of loops
tends to be formed along the injection channels.

III. DISCUSSION

With the increase in the number of pins, n, the geometric
hindrance factors increase as well and we expect that the
packing fraction of the wire, p�n�, and the number of loops,
N�n�, be decreasing functions of n. A precise and definitive
theoretical explanation for the nonthermal packing problem
of a wire in a 2D cavity with pins is out of the scope of this
paper. However, we discuss here and in the next section heu-
ristic mean-field arguments trying to describe and to under-
stand the behavior of N�n� and p�n�. First, we illustrate in
Fig. 2, the dependence of the number of loops with n: N�n� is
a decreasing function of n for n�1 with slight fluctuations.
The log-log plot in the inset of this figure shows that the
number of loops exhibits a power-law tail over one decade
for n�16, with N�n−1/2, within statistical uncertainties of
less than 10% in the critical exponent. As shown in Fig. 1,
we see that for n�16, the loops tend to be approximately
distributed along a one-dimensional single column geometry
and the maximum number of loops must satisfy N�Nmax
=L0 /�=100.

From Fig. 1 we observe that as the number of pins grows
the dispersion in the size of the loops decreases. In particular,
for n�16 the size of the loops seems strongly controlled by

(b)(a) (c)

(d) (f)(e)

(g) (h) (i)

FIG. 1. �Color online� Typical morphologies of configurations
of a Pb0.40Sn0.60 plastic wire with 1.5 mm of diameter injected in a
quasi-2D cavity of 1502 mm2 of area and height 1.5 mm at the
jamming limit, and with the following number n of pins localized
on a square lattice: �a� n=1, �b� n=4, �c� n=9, �d� n=16, �e� n
=25, �f� n=36, �g� n=64, �h� n=144, and �i� n=196. See text �Sec.
II� for details.

GOMES et al. PHYSICAL REVIEW E 81, 031127 �2010�

031127-2



the distance l between pins. From now on we assume that
this size is of the order of l for n�16. If we use the hypoth-
esis that the number of loops for n�16 scales with the area
A=L0l of the columnar region where the loops tend to con-
centrate, we get N�L0l�n−1/2 which coincides with the
asymptotic behavior of N�n� shown in the inset of Fig. 2.

The dependence on the packing fraction with the number
of pins is shown in detail in Fig. 3. The function p�n� also
exhibits a power-law tail in the same domain of the variable
n, as observed for N�n�. In particular, the experimental data
suggest that p�n−� with �=0.88�0.06, from n=16 to n
=196, i.e., in the regime dominated by the presence of pins
and by a columnar array of loops. In principle, the packing

fraction expected in this regime is approximately propor-
tional to N times the average length of the loop ��l� or more
precisely, p�Nl� /L0

2�n−1/2 n−1/2=n−1. This last estimate is,
in fact, not too different from the scaling p�n−0.88�0.06 ob-
tained in the best fit shown in Fig. 3. For low number of pins
�n�16� the crumpled wire reaches the boundary of the cell
with a distribution of heterogeneous loops that tend to spread
throughout the cavity. In this region dominated by finite-size
effects, there is an effective dependence p�n−	, with 	
=0.23�0.03, from n=1 to n=16.

The reader can observe in connection with Fig. 3 that the
jammed average packing fractions associated with odd val-
ues of n �1, 9, and 25� are localized on the same trend lines
of those corresponding to even values of n �4, 16, 36, 64,
144, and 196�. This is interesting because if n is odd, there is
a row of m=n1/2 pins just along the axis connecting the two
injection channels, and as a consequence there are 2m differ-
ent ways to dispose initially the wire, a situation completely
different from n even. In this last case, there are no pins
along the injection axis, and consequently there is only a
single initial condition, namely the straight wire along the
injection channels. The experiments show that the maximum
packing fraction for n odd is independent of the initial con-
dition of the wire. Furthermore, we can observe from the
microscopic �local� point of view that the central array of
pins in Figs. 1�c� and 1�e�, corresponding, respectively, to the
odd values n=9 and n=25, disturbs severely the distribution
of loops within the cavity, especially if we compare the mor-
phology observed for these two cases with those observed
for the next configurations associated with the even values
n=16, and n=36.

In principle, we can expect that there is a critical number
of pins nc such that p�nc�= pminimum=� /L0, that is a number
of pins such that for n�nc the only configurations of the
wire which are allowed are linear or approximately linear
configurations along the injection axis. To find a theoretical
upper bound n� to nc, we can consider a square lattice of pins
whose distance between centers of nearest-neighbor pins is
3�. For this particular distribution of pins, the free spacing
between the surfaces of nearest-neighbor pins is just 2�. In
this particular case, we get n�= �L0 /3��2, and the wire rigor-
ously cannot bend due to the lack of space. In practice, nc

n�: in our experiment, the value for n� is approximately
1110, although extrapolation from Fig. 3 suggests that nc is
close to 400 pins �i.e., 1 pin for each 56 mm2, corresponding
to 3.14% of the total area of the cavity occupied by pins.�.
The packing fraction reaches the minimum value pminimum
=0.01 in our experiment, while pminimum→0 at the thermo-
dynamic limit.

We conjecture that the phenomenon reported in the
present paper, and the corresponding statistical functions dis-
cussed in the last paragraphs are essentially independent of
the details of the geometry of the distribution of pins within
the cavity, as well as of the symmetry of the cavity. As a
support for this conjecture, Fig. 4 shows the experimental
packing fraction p�n� obtained with the same type of plastic
wire, but for an off-lattice nondisordered distribution of pins
following diverse geometric radial patterns in circular cavi-
ties of 150 mm of diameter. In this case, the number of pins
within the cavity was 1, 2, 4, 9, 25, 64, 81, 100, and 169. As

FIG. 2. The number of loops �and statistical fluctuations� as a
function of the number of pins, N�n�, for plastic crumpled wire
undergoing the process illustrated in Fig. 1. The values N�n� are
averages on ten similar experiments. The inset shows in log-log
scales the power-law decay in N�n� for n�16, and the continuous
line represents the best fit to the data N�n−1/2. See text �Secs. II
and III� for details.

FIG. 3. Log-log plot of the experimental packing fraction p�n�
defined in Sec. II for a plastic wire at the jamming limit as a func-
tion of the number of pins n. The values p�n� are averages on 10
similar experiments. The plot shows that p�n� decays as a scaling
law for 16�n�196 with an exponent 0.88�0.06. For n�16 the
packing is dominated by finite-size effects. See text �Secs. III and
IV� for details.
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in Fig. 3, the experimental data in Fig. 4 exhibit a power law
�dashed line� with a scaling exponents �=0.75�0.08, for
16�n�169. For low number of pins, n�16, we have con-
figurations which are limited by the finite size of the cavity,
and an approximate dependence �dashed line� p�n−	, with
	=0.20�0.02 is still observed. In order to help the reader,
we repeat for comparison in Fig. 4 the experimental data
shown in Fig. 3 for the square lattice of pins �fits represented
by continuous lines�. Furthermore, another series of experi-
ments using more elastic wires of copper confined in cavities
containing distribution of pins on square lattices present a
similar scaling law p�n−�, with the exponent �
=1.00�0.10, valid from n=25 to n=196. The region domi-
nated by finite-size effects �1�n�25� exhibits an approxi-
mate dependence p�n−	, with 	=0.22�0.04. In our overall
estimate, irrespective the distribution of pins, the material of
the wire, and the shape of the cavity, the value of the expo-
nent � for the proposed scaling function p�n� is 0.90�0.10.

IV. MEAN-FIELD MODEL

In this section we discuss our experimental findings in
terms of statistical thermodynamics ideas, exploring formal
analogies with some basic results. First, we observe from
Figs. 1 and 3 that the packing fraction p=�L /L0

2 tends to
pminimum=�L0 /L0

2=� /L0 �=0.01 in our experiment� for very
large number of pins n: Fig. 1�g� indicates p=0.055, for n
=64, and Figs. 1�h� and 1�i� indicate p�0.02, for n=144 and
196, respectively. Physically, we expect that the average
number of configurations ��p� accessible to a wire in our
nonthermal experiment for a fixed p, satisfies ��p�→1 as
p→pminimum. Thus, the entropy S�p� for a wire within the
cavity is expected to satisfy S�p�� ln ��p�→0 close to the
minimum value of p, which corresponds to the case of a
linearly stretched wire along the injection channels. On the
other hand, if the number of pins decreases the constraints to

the motion of the wire within the cavity decrease as well,
more equivalent configurations are accessible to the wire,
and we expect that the entropy increases as a consequence.
This reasoning suggests that we can associate to the nonther-
mal system studied here an effective temperature T which is
a decreasing function of n. It must be emphasized that in the
nonthermal crumpling of a wire in a cavity with pins the
fluctuations are induced by the driving force of injection and
do not arise from random thermal motion. Thus, for simply
connected cavities free of pins we get the high �infinite� tem-
perature limit of the system, for an intermediary number of
pins �as exemplified in Figs. 2 and 3 by the interval 16�n
�196� we get the low-temperature limit of the system, and
for very high number of pins we have the zero-temperature
limit. We note that recent works have proposed that nonequi-
librium systems experiencing jamming or structural arrest
could be described by equilibrium thermodynamic concepts
and an effective disorder temperature could be introduced to
characterize the properties of such systems �24–26�.

Using simple heuristic mean-field arguments we now in-
troduce an effective internal energy E for a wire confined in
a cavity with pins and after we construct an effective Helm-
holtz free energy F=E−TS specially valid for the low-
effective T limit �equivalently, the intermediary number of
pins limit, 16�n�196, or low packing density limit�. As a
first hypothesis, for E we adopt a repulsive energy due to
self-avoidance effects between different parts of the
crumpled wire as long as we can neglect the elastic energy of
curvature for a plastic wire. As the packing fraction p is a
measure of the mean local concentration of matter, the aver-
age repulsive energy per unit volume is proportional to the
number of pairs of interacting pieces of the wire, i.e., to p2.
For the entire cavity with a fixed volume V=L0

2� we get for
the repulsive energy E=� . p2, with � being a constant. Fi-
nally, as a second hypothesis we assume for the same region
16�n�196 an entropy S scaling linearly with the total
length of the wire, that is S�L� p, or S= . p, with  con-
stant. Consequently, F=E−TS=� . p2−T . p. In the minimi-
zation of F, when p varies, the first term, E, due to self-
avoidance repulsion, favors small values of p or L, while the
second term due to entropy, −TS, tend to favor large values
of p or L. Thus, �F /�p=0 leads to the equilibrium condition
for the effective temperature T= �2� . p /�= ��E /�S�V, with
p= p�n�. If we identify p�n� in the last equation with our
overall estimate for the jammed packing fraction given at the
end of the previous section, namely p�n−0.90�0.10, valid in
the interval 16�n�196, we obtain as physically expected
and discussed in the previous paragraph an effective tem-
perature that decreases with the number of pins, T� p
�n−�0.90�0.10�. As a consequence, in the present analogy there
is a connection of the effective temperature T with the topol-
ogy of the system �given by the number of pins n�. The
effective temperature T measures the disorder of the wire in
the cavity: as long as the number of pins increases, the av-
erage heterogeneity tends to decrease and more regular struc-
tures appear as we can convince ourselves from an exam in
the typical configurations shown in Fig. 1.

It is interesting to observe that the arguments discussed
above imply that the “equilibrium” value for the internal
energy of the plastic crumpled wire will be the quadratic

FIG. 4. Experimental packing density p�n� for off-lattice nond-
isordered radial distributions of pins in circular cavities �dashed
lines�. The power-law fit has a scaling exponent �=0.75�0.08 for
25�n�196. For comparison, it is repeated in this figure the ex-
perimental data of Fig. 3 for square lattices of pins �power-law fit
represented by continuous line�.
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function of the effective temperature given by: E=� . p2

= �2 /4��T2. This result is analogous to the temperature de-
pendent energy of a Fermi gas with two-body interactions at
low temperature as given by the Hartree-Fock theory �27�.
From the last result we obtain that the corresponding effec-
tive specific heat of the system is given by CV= ��E /�T�V
= �2 /2��T= . p=S. According to the analogy discussed
here, the plots of p�n� in Figs. 3 and 4 represent essentially a
constant times the entropy or the effective specific heat of the
system. Furthermore, the number of loops in the “low-
temperature region” considered, 16�n�196, which scales
as N�n−1/2 �Fig. 2�, will correspond approximately to a scal-
ing law with the square root of the effective temperature, i.e.,
N�T1/2.

V. CONCLUSION

A new packing problem in 2D is studied experimentally
in the present paper. The experiments examine in detail the
crumpled structures formed when a plastic wire is injected
into 2D square cavities of area L0

2=1502 mm2 and with dif-
ferent topologies, given by different distributions of pins lo-
calized on square lattices. The diameter of the pins and of the
plastic wire, as well as the height of the pins and cavities, has
the same measure �=L0 /100=1.5 mm in such a way that
only structures with a single layer of wire are possible �Fig.

1�. Besides its intrinsic interest, the present study can be
related to a number of important fields including self-
avoiding walks and polymer configurations on the plane,
packing of DNA segments constrained to wrap around his-
tone cores �22�, and the electrohydrodynamics of DNA in
confined environments �23�. In spite of irreversibility and the
emergence of several types of geometric motifs, robust scal-
ing laws are observed for the number of loops and for the
jammed packing fraction of the plastic wire as a function of
the number of pins within the cavity �Figs. 2–4�. Surpris-
ingly, extensive experimental results suggest that the critical
exponents associated with the observed scaling laws are
largely independent of the details of the distribution of pins
within the cavity, as well as independent of the symmetry of
the cavity, and the type of the wire. Simple mean-field argu-
ments suggest a relation between the number of pins within
the cavity and an effective absolute temperature for this non-
thermal system.
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